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Statistical distance between texts and
filtration methods in sequence comparison

Pavel A.Pevzner

Abstract

Upon searching local similarities in long sequences, the
necessity of a 'rapid' similarity search becomes acute. Quadratic
complexity of dynamic programming algorithms forces the
employment of filtration methods that allow elimination of the
sequences with a low similarity level. The paper is devoted to
the theoretical substantiations of the filtration method based on
the statistical distance between texts. The notion of the filtra-
tion efficiency is introduced and the efficiency of several filters
is estimated. It is shown that the efficiency of the statistical l-
tuple filtration upon DNA database search is associated with
a potential extension of the original four-letter alphabet and
grows exponentially with increasing I. The formula that allows
one to estimate the filtration parameters is presented.

Introduction

DNA sequence similarities are usually determined by dynamic
programming algorithms (Waterman, 1989). Since the
complexity of these algorithms is quadratic, one is persuaded
to seek a new approach for searching similarities in long
sequences. Several attempts have been made to solve the
problem of similarity search in DNA/protein databases by using
supercomputers (Smith et al., 1985; Gotoh and Tagashira,
1986) and by employing parallel algorithms (Chow et al., 1991;
Gokhale etai, 1991).

The prospect of significant expansion of DNA/protein
databases makes the development of 'rapid' similarity search
essential. Since even advanced versions of dynamic
programming algorithms (see recent review Eppstein et al.,
1991) are impractical for searching large databases, filtration
methods (/-tuple analysis) for similarity search in the genetic
databases were proposed in the pioneering papers of Wilbur
and Lipman (1983) and Lipman and Pearson (1985) (for other
filtration methods see Gusev et al., 1980; Kanehisa, 1984;
Fondrat etai, 1986; Lawrence etal., 1986; Strelez and
Shindjalov, 1988; Zharkich and Rzhetsky, 1988).

The filtration methods for fast similarity search are based on
the simple observation that similar sequences share the same
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/-tuples. Contemporary fast similarity search algorithms FASTA
(Pearson, 1990) and BLAST (Altschul et al., 1990) use hashing
techniques and scan database for hits. Recently another filtration
method for sequence comparison, based on statistical distance
between texts (Blaisdell, 1986), has been suggested by Mironov
and Alexandrov (1988), Torney et al. (1990) and Engle et al.
(1991). Engle et al (1991) developed the program SCAAN for
statistical database search and demonstrated that in certain
instances SCAAN betters the sensitivity and selectivity of
FASTA in comparable or faster time. The biological tests
showed that SCAAN works at least as well as FASTA. This
paper is devoted to the theoretical substantiation of the statistical
database search.

The possibility of introducing filtration is based on the fact
that upon searching local similarities in long sequences,
biologists, as a rule, are interested only in windows with a
sufficiently high threshold level of similarity (in other words,
in windows with short distances between them), while the
remaining windows are rejected. In the present study it is
assumed that a threshold distance b0 between windows is
given, and the windows with the distance b > b$ are rejected.
Of course, in order to reveal the windows with b > b0 one
can apply a dynamic programming algorithm with quadratic
(n2) complexity klk2 times (kl,k2 are the lengths of the
sequences, n is the window length) and obtain, for each window
pair beginning at positions i and j , the precise distance value
b(ij). If one is interested only in the positions (ij) with the
distance b(ij) 5 b0, that compose, e.g. 0.01% of the total
pairs (ij), then 99.99% of time is wasted, since the information
on the precise distance at b(ij) > b^ is useless.

Filtration methods allow one to give up the time-consuming
computations of the distance b(ij) between all the windows by
introducing an easily calculated binary filter f[ij) that has two

• values 0 and 1 and fiij) = 1 implies b/(ij) > &Q. After
introducing the filter / the procedure of similarity search
becomes two-staged: at the first stage (filtration) function ftij)
is calculated [all the window pairs for which fiij) = 1 are
excluded from further considerations], at the second stage b(ij)
is calculated for pairs (ij) that satisfy the condition f[ij) = 0.
The filtration efficiency is determined by the share of the
rejected pairs. If for a filter/, f(ij) = 0 implied b(ij) < b0,
we would have an 'ideal' filter. However the /-tuple analysis
does not suggest 'ideal' filter. This leads to the problem of
filtration efficiency that is considered in the present paper. The
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results can be employed for 'rapid' similarity search, dot-matrix
construction and optimal oligonucleotide probes selection.

Comment. In many heuristic filtration methods the measure of
similarity is not explicitly defined as a minimum cost set of
mutations but instead is implicit in the algorithm itself.
Nevertheless, despite their rather indirect approximation of
similarity measures, heuristic tools such as FASTP and FASTA
(Lipman and Pearson, 1985; Pearson, 1990) have identified
many distant but biologically significant relationships. Recently
two approaches with rigorous definition of similarity measures
have been proven to be useful in database similarity search and
evolutionary tree reconstruction: statistical distance (Mironov
and Alexandrov, 1988; Blaisdell, 1989a,b; Torney et al., 1990;
Engle et al., 1991) and maximum segment pair (MSP) score
(Blaisdell, 1989a,b; Altschul et al., 1990). This paper estimates
the parameters of statistical distance between random texts (MSP
score has been studied by Arratia et al., 1988 and Karlin and
Altschul, 1990). It is worth noting that the paper is mainly of
theoretical interest. The software implementation and biological
applications have been described by Torney et al. (1990) and
Engle et al. (1991) (detection of the members of the Alu family
in primate DNA, /51 family in bacterial DNA, etc.). A fast
similarity search algorithm based on statistical distance between
texts has also been implemented by Barklaev et al. (1990) in
software package DNASUN (Mironov et al., 1990).

Filtration efficiency

Both the statistical /-tuple analysis (Blaisdell, 1986) and the
Mironov-Alexandrov method (Mironov and Alexandrov,
1986) introduce a mapping h of n-letter words in R". For
/-tuple analysis m = A1 while for the Mironov—Alexandrov
method m = \A2 {A is the alphabet size, / is the maximal size
of the 'gap' in the spaced dinucleotides considered).

After introducing the mapping h the similarity between words
S and 7 can be determined through squared Euclidean distance
between the points h(S) = {s\, sm) and h(T) =

Ci. '«)•

d(S,T) = E (s, - t,)2

i » 1

The distance d(S,T) is called the statistical distance,
emphasizing its difference from the edit distance b(S,T), which
is the minimal number of edit operations (insertions, deletions,
substitutions, etc) to transform 5 into T.

The statistical distance (amino acid doublet composition) was
used as far back as at the beginning of 1970s (Gibbs et al.,
1971). Fichant and Gautier (1987) used statistical distance to
distinguish coding from non-coding sequences. Recently
Blaisdel (1989a,b) used the statistical distance for evolutionary
tree reconstruction and carried out a comparative analysis of
d(S,T) and b(S,T) distances. These indicate that statistical

distance is a natural measure of sequence similarity and that
it is applicable to some biological problems. However, while
a number of results concerning the distribution b(S,T) for
random words 5 and T are known (Waterman, 1988), the
distribution of statistical distance d(S,T) for random words S
and T has not yet been studied in computational molecular
biology.

If S and T are random words, then d(S,T) is a random
variable. The probability distribution of this random variable
characterizes the filtration efficiency. If one is interested only
in n-letter word pairs with a distance below the threshold, it
is possible to introduce the threshold value of the statistical
distance d$ and to determine the filter according to the rule

1 otherwise

Filtration efficiency can be characterized by the probability
P\d(S,T) ^ do) determining the share of cases for which
filtration does not lead to the rejection of words 5 and T. In
these cases one has to employ dynamic programming
algorithms. Filtration efficiency can be characterized, as
accepted in statistics, in standard deviation terms

e = •JVaT

where E is the mean value and Var is the variance of random
variable d(S,T) (for small values d0 we approximate e by the
coefficient of variation e0 = E/\]Var).

Filtration according to composition

Consider the simplest filtration, when the set of w-words is
mapped into R*:

S — (s,, sA)

where 5, is the count of letter / in 5 and A is the number of
letters in the alphabet. Let us calculate the filtration efficiency
according to composition for the case of equiprobable
appearance of letters. Introduce random variables:

_ 1 if a occurs at the ith position of 5
= 0 otherwise

and denote

Observe that d(S,T) = £„(£"_i ( = O 2 and

r= \\=PW; = - n = V M - T

i
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