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Positional sequencing by hybridization
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Abstract

Sequencing by hybridization (SBH) is a promising
alternative to the classical DNA sequencing approaches.
However, the resolving power of SBH is rather low: with
64 kb sequencing chips, unknown DNA fragments only as
long as 200 bp can be reconstructed in a single SBH
experiment. To improve the resolving power of SBH,
positional SBH (PSBH) has recently been suggested; this
allows (with additional experimental work) approximate
positions of every l-tuple in a target DNA fragment to be
measured. We study the positional Eulerian path problem
motivated by PSBH. The input to the positional eulerian
path problem is an Eulerian graph G(V, E) in which every
edge has an associated range of integers and the problem is
to find an Eulerian path e\,..., e\ £ | in G such that the range
of e, contains i. We show that the positional Eulerian path
problem is NP-complete even when the maximum out-
degree (in-degree) of any vertex in the graph is 2. On a
positive note we present polynomial algorithms to solve a
special case of PSBH (bounded PSBH), where the range of
the allowed positions for any edge is bounded by a constant
(it corresponds to accurate experimental measurements of
positions in PSBH). Moreover, if the positions of every
l-tuple in an unknown DNA fragment of length n are
measured with O(logn) error, then our algorithm runs in
polynomial time. We also present an estimate of the
resolving power of PSBH for a more realistic case when
positions are measured with Q(n) error.

Introduction

Sequencing by hybridization (SBH) (Bains and Smith,
1988; Lysov et al., 1988; Drmanac el al., 1989; Southern et
al., 1992) is a promising approach to DNA sequencing
which offers the potential of reduced cost and higher
throughput over traditional gel-based approaches. The
basic procedure is to attach a large set of single-stranded
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oligonucleotides to substrate, forming a sequencing chip.
A solution of radioactive or fluorescent labeled single-
stranded target DNA fragments is exposed to the chip.
These fragments hybridize with complementary oligo-
nucleotides on the chip, and the hybridization is detected
using a nuclear or spectroscopic detector. Under the
assumption of an ideal stringent hybridization, this
experiment provides information about /-tuple composi-
tion of an unknown DNA fragment. Pevzner and Lipshutz
(1994) and Chetverin and Kramer (1994) have surveyed
the current state of the art in sequencing by hybridization,
both technologically and algorithmically.

Biologists originally proposed to use SBH with chip C(k),
consisting of all 4k strings of length £ in the {A, C, T, G}
alphabet. In this case, SBH sequence reconstruction is
reduced to a Eulerian path problem in a subgraph of the
de Bruijn graph. Every Eulerian path in this subgraph
corresponds to a possible sequence reconstruction (Pevzner,
1989). Clearly, the reconstruction is not unique unless the
subgraph has a unique Eulerian path. To enforce uniqueness
of the reconstruction, large sequencing chips are needed to
reconstruct relatively short strands of DNA. For example,
the classical chip C(8), consisting of all octanucleotides,
suffices to reconstruct 200 nucleotide long sequences in only
94 of 100 cases (Pevzner et al., 1991), even in an ideal SBH
experiment.

Recently, modifications of classical SBH have been
proposed to reduce ambiguities in sequence reconstruction
(Khrapko et al., 1989, 1991, 1994; Chetverin and Kramer,
1993; Broude et al., 1994; Gelfand et al., 1995; Margaritis
and Skiena, 1995; Rubinov and Gelfand, 1995). In
particular, positional sequencing by hybridization (PSBH)
(Broude et al., 1994) aims at resolving ambiguities by
approximate measurement of the positions of each /-tuple
in the unknown DNA fragment. Thus for each edge in the
subgraph of the de Bruijn graph, we know approximately
where it occurs in the Eulerian path corresponding to the
unknown sequence.

In the next two sections we describe the relationship
between PSBH and positional Eulerian path problem and
prove that the latter is NP-complete. We then present two
polynomial time algorithms for a special case of PSBH,
bounded PSBH (BPSBH), where the range of positions for
each /-tuple in the SBH spectrum is bounded by a small
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number. Finally we use simulations to study the resolving
power of PSBH.

PSBH and the positional Eulerian path problem

For an alphabet E and an integer /, the de Bruijn
graph (7/(S) contains | £ | ' ~ ' vertices corresponding to Proof
all ( / - l )- tuples over E. There is an edge from
vertex w = (w,,. . . , w,_ ,) to vertex v = (?;,,... ,vt_ |) iff
(M2I. . . ,«/_ i) = (u | , . . . ,u/_2)- This edge is labeled by
/-tuple (wi,... ,w/_i,•«/_!). Any path of length p in the
de Bruijn graph corresponds to a sequence of length
(/ + p - 1) over E. On the other hand every sequence S
over E defines a multigraph Gs which is a subgraph of the
de Bruijn graph G/(E) induced by the edges corresponding
to /-tuples present in 5 (Pevzner, 1989). The multiplicity of
an edge in Gs is the number of occurrences of the
corresponding /-tuple in S.

PSBH provides extra information about the hybri-
dized oligonucleotides, namely their approximate dis-
tances from the beginning of the sequence. Although it
makes the reconstruction less ambiguous, polynomial
algorithms for PSBH sequence reconstruction are
unknown. Clearly, PSBH can be reduced to comput-
ing an Eulerian path with an additional restriction that
the position of any edge in the computed Eulerian path
should be in the range of positions associated with the
edge.

We will denote the position of an edge e in a path P by
•n{P,e). PSBH can be adequately formulated in combina-
torial terms as a positional Eulerian path problem stated
as follows:

Given a directed multigraph G( V, E) and an interval
Ie = {le,he}, le < he associated with every edge e € E,
the problem is to find an Eulerian path P in G such that
foralleef, le<Tr{P,e) < he.

In the following section we show that the positional
Eulerian path problem is NP-complete. We further study
the ^-bounded positional Eulerian path problem corre-
sponding to the case when the sizes of all the intervals fe

are bounded by a constant k (i.e. he - le < k) and devise
polynomial algorithms for this problem.

Complexity of the positional Eulerian path problem

In this section, we demonstrate that the positional
Eulerian path problem is NP-complete, even with graphs
of low degree and when all error intervals are the same
size, i.e. he - le = he> - le>, for all e, e £ E. The second
condition implies that we can assign each edge e e E an
estimated position pe, and that a global error bound of B
implies that he = pe + B and le = pe - B. This formulation
appears natural for modeling experimental data.

Theorem I

The Positional Eulerian path problem is NP-complele, even
if each vertex has in-degree and out-degree at most two and
intervals associated with edges are of the same size.

Clearly, the positional Eulerian path problem is in NP.
For the hardness proof, we use a reduction from the
Hamiltonian path in directed graphs of in-degree and out-
degree exactly two (Plesnik, 1979). Specifically, given a
digraph G( V, E) with n vertices and m — 2n edges, we will
construct a digraph G'(V',E') with 5n + 2 vertices and
8/7 + 2 edges, each edge e £ E' assigned a integer position
pe such that G' has a positional Eulerian path with each
edge e € E1 satisfying \pe - ir{P,e)\ < B iff G has a
Hamiltonian path.

For each vertex ?;, g V, 1 < / < n, we introduce three
new vertices in V', vn, vj2 and vn (Figure 1). We also
introduce an additional In + 2 vertices it»,-, 1 < / < 2/7 + 2
in V'. We set B = 4n. E' consists of the following three
classes of edges:

• The first class E\ consists of n - 1 directed edges,
{vi\,vii)> 1 < ' < " — 1 and 2/7 + 3 directed edges,

Each of the 3/; -f 2 edges in this class is assigned the
position {1}. The window of allowable visit times is
thus {1,4M + 1}.

• The second class E'2 represents the edges in £. For
each directed edge (vhVj) in E, introduce the edge
(vn>vj\) m E'i- Each of the 2n edges in this class is
assigned the position {An + 2}. The window of
allowable visit times is thus {2,8/? + 2}.

• The third class of edges £3 ensures that G' is
connected and that for all vertices the in-degree
equals the out-degree. Together this implies that G' is
Eulerian [6]. For each /, 1 < i < n introduce the pair
of directed edges (vu,Vj$) and (1*1-3, f/2) ' n E'i- Finally
introduce the n directed edges {(1*13,̂ 23)' (W231̂ 33)1 • • • >
(i*n3,wi3)} m £'3- Each of the 3« edges in this class is
assigned the position {8« + 2}. The window of
allowable visit times is thus {4/7 + 2, 8/7 + 2}.

If G has a Hamiltonian path, we claim that G' must
contain a positional Eulerian path satisfying the time
window constraints. We can map any sequence of n
vertices of G forming a Hamiltonian path to 4/7 + 1 edges
of G'. These edges form a path in G' which starts and ends
with edges in E\ and alternates between edges in E\ and
£'2 with the exception of the chain between vertices vni and
vn2 which includes all the wt vertices. This path includes all
3/7 + 2 edges in E\ and exactly n - 1 edges in £'2. Thus the
edges in E\ are visited between {1,4/7 + 1} and since the
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